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Abstract. We introduce new CosmoEJS modules to improve the investigation of the conse-
quences of constraints on the parameter values of cosmological models. We use CosmoMC to fit
dark energy models and modified gravity models to recent data from the cosmic microwave
background measurements of the Planck satellite, baryon acoustic oscillations, supernovae
type Ia, Hubble Parameter H(z) measurements, and redshift space distortions. While the
results are in agreement with previous constraints for these models, here, we add an investiga-
tion into the dynamics of models with CosmoEJS , an interactive Java package of simulations
that allow the user to explore the ramifications of choosing various values for the cosmological
parameters of a particular model. We use the statistical fits attained with CosmoMC to choose
the parameters for the models, and then, we visually inspect the plots of the simulated theoret-
ical values for comparisons to the observational values, calculate derived cosmological values,
and finally plot the expansion history of cosmological models. These new simulations now in-
clude modified gravity cosmological models as well as observations of the growth of structures
of galaxies for a more accurate description of the universe’s dynamics. The latest version of
CosmoEJS is available from http://www.compadre.org/osp/items/detail.cfm?ID=12406.
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1 Introduction
Almost two decades after its discovery [1–3], the cause of the cosmic acceleration, or acceler-
ated expansion of the universe on cosmological scales of distances, still poses one of the most
intriguing problems facing cosmology. Choices for explaining the cosmic acceleration range
from a cosmological constant, Λ, or other form of repulsive dark energy, i.e. negative pressure
and negative equation of state, to a modification of general relativity at cosmological dis-
tances [4]. While support for the most simple cosmological constant, or Λ Cold Dark Matter
(ΛCDM) model comes from comparisons to recent cosmological observations [5], more precise
measurements point to signs of tension between the (ΛCDM) model and certain data sets [6].
Constraints on the parameter values of the most popular cosmological models are straight-
forward to achieve these days with recent observational data sets. Some of the more frequently
used fitting programs include CosmoMC [7], CosmoNest[8], CosmoPMC [9] and others. Where the
results from a program like CosmoMC are relatively quick (depending on the model, number
of data sets and computer), the majority of the output is statistical rather than visually dy-
namic. Some web-based simulations [10] and mobile device applications [11] are available for
generating dynamical graphs for comparison to data, but do not include the large diversity
of data sets or dark energy and modified gravity models. CosmoFish [12] allows one to create
forecasts of future data with Fisher matrices and other technical codes [13–15] allow for the
fitting of several extensions or alternatives to general relativity and dark energy, but again
are built more for finding constraints on model parameters and not exploring the model’s
dynamics. Textbooks [16–19] and cosmology calculators [20] that deal with the expansion of
the universe, usually include dynamical graphs of the expansion rate, age, or angular diame-
ter distance, but rarely cover the dynamics of the more general dark energy models or even
modified gravity models.
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CosmoEJS is an interactive package of Java simulations that allow the user to visually and
numerically compare theoretical cosmological models to experimental data [21]. As a numeri-
cal comparison to the statistical fitting of programs like CosmoMC , the CosmoEJS package uses
different χ2 statistical fitting depending on the data set, see Sec. 3. A newly released expanded
version of the CosmoEJS package allows for inspections of the visual and numerical fits to be
more consistent with the latest fitting programs, i.e. CosmoMC , by adding new data sets and
observables. This latest version also allows for the first time, the simultaneous testing of modi-
fied gravity models and dark energy models with observational data sets and their dynamically
evolving expansion history. A dynamical study of dark energy and modified gravity models
simultaneously with actual data allows us to see where the models may have different curves
and trajectories than each other at high or low redshift. This version of the CosmoEJS pack-
age can be downloaded from http://www.compadre.org/osp/items/detail.cfm?ID=12406
and still requires little technical expertise to use, compared to the majority of the programs
mentioned earlier in this section.
Outline:
The purpose of this article is to introduce the latest version of CosmoEJS , which now
includes modified gravity models and more recent data sets, and present an example of the
type of comparative analysis that is possible when combining fitting programs like CosmoMC
with CosmoEJS . We describe the classes of models available for testing by our modified versions
of CosmoEJS and CosmoMC in Sec. 2. In Sec. 3 we outline some of the common observations
currently used to constrain the parameter values of theoretical models in cosmology. We find
constraints on some of the more popular dark energy models and modified gravity models in
Sec. 4. We explore these values in Sec. 5 using CosmoEJS , and we discuss the advantages and
disadvantages to using a program like CosmoEJS in combination with programs like CosmoMC to
further the understanding of how parameters in theoretical models affect the dynamics of the
model. In the dynamical plots of CosmoEJS , we will see how the differences in the trajectories
of the cosmological models may affect the fit of the precise of low and high redshifts data
points. Our work in this paper concludes in Sec. 6, including plans for future developments
of the simulations.
2 Dark Energy and Dvali, Gabadadze and Porrati (DGP) models
We test two particular classes of cosmological models by constraining free parameters in the
models with CosmoMC and show their dynamics in comparison to the data with CosmoEJS .
Einstein’s field equations or general relativity describe the relationship between the spacetime
curvature and the matter or energy density. By adding a Λgαβ term to the equations, general
relativity can account for the cosmic acceleration with a cosmological constant, Λ, as a dark
energy or repulsive force,
Gαβ + Λgαβ =
8piG
ρ
Tαβ. (2.1)
More generally, the dark energy can be parameterized by describing it as a cosmic fluid, with
an equation of state w = P/ρ that varies in redshift. Allowing for curvature in the metric,
and parameterizing the dark energy, w(z) = w0 + wa[z/(1 + z)], the Friedmann equation
describing the expansion rate of the universe is written as [22],
E(z)2 ≡
(H(z)
H0
)2
= Ωm(1+z)
3+ΩΛ
[
(1+z)3(1+w0+wa) exp
(−3waz
1 + z
)]
+Ωk(1+z)
2+Ωr(1+z)
4,
(2.2)
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with Ωm = Ωc + Ωb. In this equation, H0 is the Hubble constant, w0 is the equation of state,
wa is its derivative, Ωx represents the matter (m), cold dark matter (c), baryon (b), dark
energy (Λ), curvature (k), and radiation (r) densities, respectively. We can construct other
models as special cases of eq. (2.2), i.e. setting w0 = −1 and wa = 0, reduces to the case of
a cosmological constant, and a flat universe is achieved by fixing Ωk = 0.0, where
Ωk = − k
a2H2
, (2.3)
and k is the curvature (k = −1, 0, 1 for open, flat, closed, respectively), for spatial geometry.
In order to illustrate comparative dynamical analysis combined with statistical model
fitting, we choose to compare one class of models that has historically matched well to observa-
tions, i.e. GR dark energy [5] to a class of models that not only have an unphysical constraint
(ghost mode in self accelerating models [23]), but also have been shown to have a tension with
observational data sets [24]. This way, we know one of our classes of models (DGP) will have
significant difficulties that can be more easily compared. Due to the extensive popularity of
the Dvali, Gabadadze and Porrati (DGP) class of models for comparison studies [25, 56], and
our motivation to emphasize dynamical differences for models that have different statistical
fits, we compare its constraints and dynamics to that of the general relativity dark energy
(GRDE) class. The DGP model is described by a five dimensional action that distinguishes
between the five dimensional bulk and the four dimensional brane by defining a characteristic
length, rc, for which on scales much smaller than rc, gravity appears four dimensional while
the complete five dimensional physics is recovered on scales larger than rc [26]. An effective
energy density is defined as,
ρrc ≡
3
(32piGr2c )
, (2.4)
and for comparison to observations, the Friedmann equation for DGP models is given as,
E(z)2 =
[√
Ωm(1 + z)3 + Ωrc + Ωr(1 + z)
4 +
√
Ωrc
]2
+ Ωk(1 + z)
2 + Ωr(1 + z)
4, (2.5)
where Ωrc ≡ 1/(4r2cH20 ) and
√
Ωrc = (1 − Ωm − Ωr − Ωk)/(2
√
1− Ωk). Again, we build the
flat case of the DGP universe by setting Ωk = 0.0. We compare both classes of models to
observations. In Sec. 4, we compare the models using precision statistical likelihoods built
with covariance matrices, where we expect significant differences in the fitting for the two
classes of models. In Sec. 5, we graph the evolution and dynamics of models simultaneously
with data and error bars, to visualize the differences in the dynamical behavior of models
preferred by the tests in Sec. 4 .
3 Cosmological Observations
Many of the research fitting programs already include a sampling of recent observational data
sets or methods to generate new ones. Here, we include the observational phenomenon that
we employ with our modified versions of CosmoMC and CosmoEJS . Both programs contain
modules that allow for comparing models to expansion history data and the growth history
of structure formations. Specifically, we use versions of the programs that contain supernovae
type Ia (SNeIa) data sets, Cosmic Microwave Background (CMB) radiation distance priors
data sets, baryon acoustic oscillation (BAO) data sets, gamma-ray burst (GRB) data sets,
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Hubble Parameter, H(z), data sets, the Alcock-Paczynski (AP) test data sets, and the growth
rate factor, f(z) or f(z)σ8 data sets from redshift space distortions. Due to the spectrum of
different data sets accessible through CosmoEJS , the package does not have the capability to
test models with data using the covariance matrix likelihoods or the full CMB Planck data.
As discussed below, CosmoEJS can use a general minimum chisquare χ2 for all data sets,
except for the CMB distance priors, which uses a likelihood and covariance matrix generated
using the full CMB Planck data and other data sets in CosmoMC . We do use covariance
matrix likelihoods when statistically fitting the models to observations in Sec. 4, and we use
the mean values of the free parameters in these models to set the initial parameters used
to calculate the dynamics in CosmoEJS . In this way, because we have already found the
best-fit values of parameters and χ2 in CosmoMC using the covariance matrix methods, the
dynamics in CosmoEJS represent these best-fit models, and we do not present the general
minimum chisquare χ2 calculation in CosmoEJS as it is less accurate for some observations,
i.e. SNeIa. For the most recent list of data sets available, as well as their descriptions,
please visit the corresponding webpage for the most stable versions of either programs used
here, CosmoEJS : http://www.compadre.org/osp/items/detail.cfm?ID=12406 1 or CosmoMC
: http://cosmologist.info/cosmomc/readme.html.
3.1 Supernovae Type Ia
Since the 1998 discovery of the cosmic acceleration, SNeIa have grown in precision and num-
ber, and are consistently used to compliment other cosmic observables in describing the
expansion history of the universe by forming a redshift-distance relation, see below. Recent
compilations of data sets of SNeIa in CosmoEJS and CosmoMC , have SNeIa that number in
the hundreds [27, 28], but future releases have been proposed which could detect thousands
of measurements in one survey [29]. In order to compare the theoretical models to the obser-
vations of SNeIa, we calculate the extinction-corrected distance modulus, µ(z),
µ(z) = 5 log10[DL(z)/Mpc] + 25 (3.1)
where z is the redshift, and DL is the luminosity distance. DL has the usual relation,
DL(z) =
1 + z
H0
√|Ωk|S
[√
|Ωk|
∫ z
0
dz′
H(z′)
]
, (3.2)
where
S[
√
|Ωk|x] =

sin(
√|Ωk|x), if Ωk < 0 (k = +1),
x, if Ωk = 0 (k = 0),
sinh(
√|Ωk|x), if Ωk > 0 (k = −1). (3.3)
The SNeIa data sets available in CosmoMC have their own likelihood methods (see for
example [28]), where the distance modulus µ(z) = mB − (MB − α × X1 + β × C) depends
on mB, the observed peak magnitude, B band, with α, β and MB nuisance parameters.
When fitting our models, we use the latest version of CosmoMC containing the full covariance
likelihood method described in [28] and [5], to find parameter mean values for the GRDE and
1In the case of CosmoEJS , several observations and datasets were also described in [21] and supplemental
documents online.
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DGP cosmological models. The main emphasis in CosmoEJS is on the visual and dynamical
over a statistical model fitting, but CosmoEJS can calculate the simple χ2SNeIa,
χ2SNeIa =
N∑
i=1
[µth(zi)− µobs(zi)]2
σ2i
, (3.4)
where σi is the total uncertainty for each SNeIa measurement. This general χ2 is not used for
fitting in CosmoEJS , as it is a more relative comparison and can be applied to a large variety
of SNeIa data sets [21] without adjustment. 2
3.2 Gamma-ray Bursts
In addition to SNeIa, CosmoEJS has GRB data sets that also measure the expansion history,
but at high redshift (z > 1.4). However, due to extinction effects and a small quantity of
photons, the uncertainties in these data sets are significantly larger than SNeIa, so, GRB were
not included in the fits calculated from CosmoMC . Again, we stress that CosmoEJS is used for
exploring the dynamics, and it is interesting to consider how the models fit data of expansion
history at high redshifts, which do on the average show similar expansion behavior to the
overlapping SNeIa. For evaluation to GRB with the theoretical models, CosmoEJS includes
the similar χ2GRB with eqs. (3.1),(3.2),(3.4), however we acknowledge the error bars of the
GRB are large and not reliable for significant fitting at high redshift.
3.3 Hubble Parameter, H(z)
The CosmoEJS package and our modified CosmoMC package contain measurements of the Hub-
ble Parameter, H(z), compiled from several surveys, as listed in Table 1, where the user can
choose which survey or combination of surveys to include. The measurement onH(z) provides
an independent check of the expansion history coming from galaxy surveys, either directly
using the cosmic chronometers method or derived from BAO measurements [30], rather than
nearby SNeIa or very distant GRBs. We include BAO and AP measurements in the next
sub sections, so we only use the CC data sets for H(z) measurements in CosmoMC testing to
avoid the redundancy in data sets. Again, to keep it similar for different surveys, we use the
comparison, χ2H(z) as,
χ2H(z) =
N∑
i=1
[H(z)th −H(z)obs]2
σ2i
. (3.5)
3.4 Baryon Acoustic Oscillations
Baryon acoustic oscillations (BAO) provide another method to test the cosmic history by
comparing the ratio of the sound horizon at the drag epoch, rs(zd), or when the baryons
decoupled from the primordial universe, to the effective distance,DV (z) at a late-time effective
redshift in the galaxy redshift surveys. The inclusion of various generations of BAO data sets
requires CosmoEJS to use the constraint equation,
χ2BAO =
N∑
i=1
[ rs(zd)DV (zi) th
− rs(zd)DV (zi)obs]
2
σ2i
, (3.6)
2We acknowledge that this general χ2 method will unfairly weight more accurate and precise nearby SNeIa
over the less numerous distant ones, but the CosmoEJS approach is to study the dynamics of particular models
and not just to statistically weight one model over another, see Appendix of [21] for more detail.
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Redshift H(z) Error Ref. Redshift H(z) Error Ref.
0.07 69.0 19.6 [31] 0.5929 104 13 [32]
0.1 69.0 12.0 [33] 0.6 87.9 6.1 [34]
0.12 68.6 26.2 [31] 0.6797 92 8 [32]
0.17 83 8 [33] 0.73 97.3 7.0 [34]
0.1791 75 4 [32] 0.7812 105 12 [32]
0.1993 75 5 [32] 0.8754 125 17 [32]
0.2 72.9 29.6 [31] 0.88 90 40 [33]
0.24 79.69 2.32 [35] 0.9 117 23 [33]
0.27 77 14 [33] 1.037 154 20 [32]
0.28 88.8 36.6 [31] 1.3 168 17 [33]
0.3 81.7 5.0 [36] 1.363 160 33.6 [37]
0.35 82.7 8.4 [38] 1.43 177 18 [33]
0.3519 83 14 [32] 1.53 140 14 [33]
0.4 95 17 [33] 1.75 202 40 [33]
0.43 86.45 3.27 [35] 1.965 186.5 50.4 [37]
0.44 82.6 7.8 [34] 2.3 224 8 [39]
0.48 97 60 [33] 2.34 222 7 [40]
0.57 96.8 3.4 [41] 2.36 226 8 [42]
Table 1: H(z) measurements collected from several galaxy surveys. In CosmoEJS , specific
combinations of the data are available by selecting particular surveys, but here, we list all
that are included in our versions of CosmoEJS and CosmoMC . It should be noted that due to
differences in measurement techniques (either BAO or Cosmic Chronometers(CC)), caution
should be used when combining H(z) measurements from different data sets [30] because in
contrast to the CC data sets, the H(z) measurements from BAO data sets are computed by
assuming a cosmological model.
with different effective redshift data points from different surveys [43–45]. However, for our
statistical fits in Sec. 4, the latest version of CosmoMC utilizes full covariance likelihoods
described in [5, 43–47]. Comparatively this baryon decoupling occurs at somewhat lower
redshift and later time than the photon decoupling because the baryons are embedded in
gravitational potential wells. The correlations in the galaxy redshift surveys consistently
have a ‘bump’ at ≈ 102h−1 Mpc, [43–47] corresponding to the standard ruler measurement
of the BAO.
The sound horizon is defined as [46],
rs(zd) =
1√
3
∫ 1/(1+zd)
0
da
a2H(a)
√
1 + (3Ωb/4Ωγ)a
, (3.7)
where fractional photon energy density, Ωγ = 2.469× 10−5h−2 for a temperature of the CMB
as Tcmb = 2.725K [5]. The drag epoch redshift, zd is [48]
zd =
1291(Ωmh
2)0.251
1 + 0.659(Ωmh2)0.828
[1 + b1(Ωbh
2)b2 ], (3.8)
where
b1 = 0.313(Ωmh
2)−0.419[1 + 0.607(Ωmh2)0.674], (3.9)
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and
b2 = 0.238(Ωmh
2)0.223. (3.10)
The effective distance, DV (z), according to [49] is given as
DV (z) =
(
D2A(z)(1 + z)
2 z
H(z)
)1/3
, (3.11)
where DA(z) is the usual proper time angular diameter distance DA(z) = DL(z)/(1 + z)2.
3.5 Cosmic Microwave Background radiation
The cosmic microwave background (CMB) radiation from the latest Planck Survey is the
most precise cosmological observation, to date, of the fluctuations left behind when the pho-
tons separated from the primordial universe [5]. The full power spectrum of the CMB with
covariance matrix is available in the latest CosmoMC . In the next section, we use the full CMB
power spectrum and covariance matrix to fit the cosmological parameters for the models we
study. Size limitations in the CosmoEJS package do not allow for use of the full CMB power
spectrum with covariance matrix and likelihood code similar to Planck Legacy Archive, but
does use the CMB distance priors as theoretical comparison parameters for the amplitude
and locations of the acoustic peaks of the power spectrum. We generate the CMB distance
priors using CosmoMC and the full CMB power spectrum, following [54]. In the usual way, we
use the acoustic scale, la, [50, 51],
la = (1 + z∗)
piDA(z∗)
rs(z∗)
, (3.12)
with the proper time angular diameter distance, DA(z∗) and the co-moving sound horizon,
rs(z∗) as given earlier. The redshift of the surface of last scattering of the CMB, z∗, is given
by [52]:
z∗ = 1048[1 + 0.00124(Ωbh2)−0.738][1 + g1(Ωmh2)g2 ]. (3.13)
The constants g1 and g2 in the above expression are:
g1 =
0.0783(Ωbh
2)−0.238
1 + 39.5(Ωbh2)0.763
, (3.14)
and
g2 =
0.560
1 + 21.1(Ωbh2)1.81
. (3.15)
Finally, the shift parameter, R, [53] is
R(z∗) =
√
ΩmH0(1 + z∗)DA(z∗). (3.16)
For comparing to data from the Wilkinson Microwave Anisotropy Probe (WMAP), these three
parameters xi = {la, R, z∗} are used to generate a likelihood, LCMB = 4xiCov−1(xixj)4xj
with 4xi = xi − xobsi and Cov−1(xixj) is the inverse covariance matrix for the parameters.
However, the authors in [54], modify this likelihood as xi = {Ωbh2, la, R}. We use the 2013
and 2015 releases of the Planck data sets [5, 55] to compute the distance priors for xi =
{Ωbh2, la, R}, and the corresponding Cov−1 from the full CMB TT, TE, EE and lowP power
spectrum. These are available for comparisons in CosmoEJS . As an example, in the next
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sections we use the ΛCDM model as a background to build the CMB distance priors as seen
in CosmoEJS . Using CosmoMC , we compare the cosmological constraints of the ΛCDM model
fit to the full CMB power spectrum and other data sets in CosmoMC with the same model
fit to the distance priors covariance matrix and other data sets in CosmoMC . In Figure 1,
we can see the constraints on the cosmological parameters are tighter with the full CMB
than with the CMB distance priors. Also, there is overlapping parameter space for the mean
values, which are statistically similar (1σ) in most cases. These mean values will be used
as initial parameter values to calculate the dynamics of models in CosmoEJS . In table 2,
we provide the data set breakdown of our comparison of the use of the full CMB power
spectrum and covariance matrix to that of the CMB distance priors. This is expected as the
CMB distance priors are derived from the full CMB power spectrum. Finally, if we generate
CMB distance priors using the full CMB power spectrum fit to the ΛCDM model, we will
have a CMB background that we anticipate not to fit the DGP class of models [25, 56].
This tension will affect the dynamics calculated with CosmoEJS using the fits of the DGP
cosmological parameters. In Sec. 4, we provide a robust example of a theoretical DGP model
not matching the observational background of the CMB built from ΛCDM, and its dynamical
consequences in Sec. 5. See for example, other CMB backgrounds that can be built using DE
models [57].
3.6 Alcock-Paczynski test
The Alcock-Paczynski test determines the ratio of the radial (redshift) to the tangential
(angular) size of objects assumed to be spherically symmetric. This geometrical test is used
to constrain the parameters of a particular model through the observable [58],
F (z) =
∆z
∆θ
= (1 + z)DA(z)H(z)/c, (3.17)
which is constructed from the angular projection, ∆θ = L0/[(1 + z)DA(z)], and the radial
projection, ∆z = L0H(z)/c, with the assumption of an equal co-moving size, L0. CosmoEJS
includes measurements of eq. (3.17) from [5, 59] and again compares AP data using the
simple, χ2AP ,
χ2AP =
N∑
i=1
[Fth(zi)− Fobs(zi)]2
σ2i
. (3.18)
Our latest version of CosmoMC utilizes the tabulated likelihoods described in [5, 59] to constrain
the cosmological parameters of the models studied in the next section.
3.7 Growth factor parameter
Complimentary constraints on cosmological models come from the growth rate of large scale
structures of galaxy clusters, or redshift space distortions (RSD) [60]. When considering
matter perturbations of linear order, the growth rate differential equation takes the following
form,
δ¨ + 2Hδ˙ − 4piGeffρmδ = 0, (3.19)
where δ = δρm/ρm is the matter density perturbation and Geff invokes the effect of modified
gravity. Transforming eq. (3.19) in terms of the logarithmic growth factor, f = d ln δ/d ln a,
we write
f ′ + f2
( H˙
H2
+ 2
)
f =
3
2
Geff
G
Ωm, (3.20)
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ΛCDM CMB Full DGP CMB DGP +k CMB
Model distance CMB Model distance Model distance
χ2Total 731.80 12381.00 χ
2
Total 907.27 χ
2
Total 768.25
χ2CMB 1.24 12964.00 χ
2
CMB 43.07 χ
2
CMB 1.18
χ2JLA 695.15 695.16 χ
2
JLA 728.93 χ
2
JLA 711.09
χ2H0 0.08 0.08 χ
2
H0
16.80 χ2H0 4.03
χ2H(z) 25.29 25.27 χ
2
H(z) 66.87 χ
2
H(z) 37.59
χ2BAO+RSD 9.28 9.45 χ
2
BAO+RSD 50.58 χ
2
BAO+RSD 14.35
H0 67.72
+0.80
−0.78 67.70
+0.86
−0.84 H0 56.57
+0.59
−0.60 H0 63.575
+1.340
−1.341
Ωm 0.305
+0.01
−0.01 0.303
+0.01
−0.01 Ωm 0.397
+0.01
−0.01 Ωm 0.316
+0.015
−0.015
Age (Gyr) 13.86 13.77 Age (Gyr) 14.58 Age (Gyr) 13.72
Table 2: Best-fit χ2 likelihoods for the ΛCDM model from the GRDE class using eq. (2.2),
the flat DGP model of eq. (2.5), and the curved DGP+k model with comparisons to the
CMB distance priors derived from the full 2015 Planck TT, TE, EE and lowP data release
[5] to the full CMB with covariance matrix. Both fits use the same additional data sets
from Sec. 3: H0 locally from Cephied variables [61], H(z) measurements as given in Table
1, supernovae from the JLA compilation [28], BAO from 6dFGS [62] , MGS [63], and DR12
BOSS CMASS [64], DR12 BOSS LOWZ [65] with RSD measurements (which include AP and
f(z)σ8 measurements).
where ′ is denotes d/d ln a. For comparisons to observations, we use the approximate form of
the growth function f ,
f = Ωγm, (3.21)
with γ representing the growth index parameter of different cosmological models, i.e. γ =
0.545 for GRDE and γ = 0.69 for DGP. A particular model needs to satisfy both expansion
history and growth of structures data sets. In CosmoMC , a more robust comparison of f(z)σ8
is used with likelihood methods [5]. We use the module likelihoods for the RSD contained in
the latest version of CosmoMC . The fiducial model chosen when measuring the redshift space
distortions does affect the value of f(z)σ8. Since we are not expecting the DGP model to fit
well, it is acceptable our data set assumes a ΛCDM fiducial cosmology. CosmoEJS provides
f(z)σ8 comparison from
χ2f =
N∑
i=1
[Xth(zi)−Xobs(zi)]2
σ2i
, (3.22)
with X(zi) ≡ f(zi), orX(zi) ≡ f(zi)σ8, where X(zi) ≡ f(zi) is only for older f(z) data sets,
where a f(z)σ8 is not provided. In our next sections we do not use any f(z)-only data sets
in the fitting or dynamics.
4 Results from using CosmoMC
We constrain the free parameters of six models built from the GRDE class eq. (2.2) and
two models built from the DGP class eq. (2.5) using CosmoMC , a Markov chain Monte
Carlo program, with combinations of observations given in Sec. 3 using covariance matrix χ2
methods. Specifically, we compare the models to the CMB distance priors derived from the
full 2015 Planck TT, TE, EE and lowP data release [5], H0 locally from Cephied variables
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Model H0 Ωm Ωk w wa χ2
ΛCDM 67.717+0.801−0.781 0.305
+0.010
−0.009 - - - 731.8
ΛCDM+k 68.426+1.484−1.446 0.299
+0.014
−0.013 0.001
+0.002
−0.002 - - 730.4
wCDM 67.555+1.881−1.811 0.306
+0.015
−0.015 - −0.994+0.057−0.060 - 732.0
wCDM+k 67.648+1.881−1.845 0.304
+0.015
−0.014 0.002
+0.003
−0.002 −0.951+0.076−0.074 - 729.2
CPL 67.265+1.878−1.833 0.310
+0.016
−0.017 - −0.873+0.160−0.166 −0.436+0.488−0.564 729.8
CPL+k 67.582+2.127−2.053 0.305
+0.020
−0.021 0.002
+0.004
−0.003 −0.926+0.188−0.202 −0.123+0.727−0.803 729.6
DGP 56.566+0.586−0.595 0.397
+0.011
−0.011 - - - 907.2
DGP+k 63.575+1.340−1.341 0.316
+0.015
−0.015 0.014
+0.002
−0.002 - - 768.2
Table 3: 95% confidence constraints on parameters and best-fit χ2 likelihoods for models
from the GRDE class using eq. (2.2) and the DGP class given eq. (2.5) from comparisons
to the CMB distance priors derived from the full 2015 Planck TT, TE, EE and lowP data
release [5], H0 locally from Cephied variables [61], H(z) measurements as given in Table
1, supernovae from the JLA compilation [28], BAO from 6dFGS [62] , MGS [63], and DR12
BOSS CMASS [64], DR12 BOSS LOWZ [65] with RSD measurements (which include AP and
f(z)σ8 measurements). For all the models listed in this Table, ‘+k’ models allow curvature to
be constrained by the data, and those absent ‘+k’ fix Ωk = 0.0. Specifically, the ‘CPL+k’ and
‘CPL’ models use the full eq. (2.2); both the ‘wCDM+k’ and ‘wCDM’ models fix wa = 0.0 in
eq. (2.2); and finally, the ‘ΛCDM+k’ and ‘ΛCDM’ models allow only a cosmological constant,
Λ, dark energy, so w = −1.0 and wa = 0.0.
+k
Figure 1: (color online) Left: 2D contour plot showing 68% and 95% confidence limits on
(Ωm, H0) for the two DGP models, ‘DGP’ and ‘DGP+k’ constructed from eq. (2.5) for flat
(pink) (Ωk = 0) and curved (orange) cases, respectively and for the six models constructed
from eq. (2.2) when constrained by all the observations given in Sec. 3. Models based on GR
and include a dark energy component, which in some cases, may be a cosmological constant,
Λ, with w = −1.0 and wa = 0.0, for the ‘ΛCDM’ (purple) and ‘ΛCDM+k’ (grey) models. The
models missing ‘+k’ fix Ωk = 0.0, the ‘wCDM’ (yellow) and ‘wCDM+k’ (red) model allow
different dark energy equations of state, but do not vary, wa = 0.0, and the ‘CPL’ (green)
and ‘CPL+k’ (blue) models allow fitting of wa. Finally, the ΛCDM (black) model tested with
the full 2015 Planck data is provided for comparison. Right: Same as left, but without the
DGP models.
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Figure 2: (color online) 2D contour plots showing 68% and 95% confidence limits on
(Ωk, H0), and (w, H0) with all the observations in Sec. 3, left and right, respectively. Left:
See text for the description of three models constructed from eq. (2.2) with Ωk and the
fourth model, ‘DGP+k’ (grey) following eq. (2.5), and requires an open universe, Ωk > 0, or
negatively curved, k = −1 spacetime, see eq. (2.3). Right: The four models constructed from
eq. (2.2) that allow a variant of the dark energy equation of state parameter, w. While ‘+k’
signifies models which allow fitting of Ωk, the ‘CPL’ (red) and ‘CPL+k’ model vary wa, the
derivative of the equation of state, as well, but the ‘wCDM’ (grey) and ‘wCDM+k’ (yellow)
models fix wa = 0.0.
Figure 3: (color online) Left: 2D contour plot showing 68% and 95% confidence limits on
(w, wa) for the two models, ‘CPL’ and ‘CPL+k’, constructed from eq. (2.2) for flat, Ωk = 0.0,
(red) and curved (blue) cases, respectively, when comparing to the observations of Sec. 3.
Right: 2D contour plot showing 68% and 95% confidence limits on (Ωm, H0) for the two DGP
models, ‘DGP’ and ‘DGP+k’ constructed from eq. (2.5) for flat (red) (Ωk = 0) and curved
(blue) cases, respectively, when comparing to the observations of Sec. 3.
[61], H(z) measurements as given in Table 1, supernovae from the JLA compilation [28], BAO
from 6dFGS [62] , MGS [63], and DR12 BOSS CMASS [64], DR12 BOSS LOWZ [65] with
RSD measurements (which include AP and f(z)σ8 measurements). Briefly, we give CosmoMC
a range of priors for initial values of the model parameters and it returns the fits of these
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parameters for a particular model tested.
The fits we obtain are shown in Table 3. In each model, ‘+k’ identifies a model that
allows fitting of the curvature density parameter, Ωk, and those without ‘+k’ use Ωk = 0.0.
The ‘ΛCDM’ and ‘ΛCDM+k’ models hold the equation of state parameter, w = −1.0 and
its derivative, wa = 0.0, yielding a cosmological constant dark energy equation of state. The
‘wCDM’ and ‘wCDM+k’ models additionally fix wa = 0.0, and allow the dark energy equation
of state, w to be fit by the data. The more general ‘CPL’ and ‘CPL+k’ models let the data
constrain both w and its derivative, wa.
A lower χ2 value in Table 3 corresponds to a better fit to the data, however, in the cases
of the GRDE models, the lower χ2 is primarily due to the extra degrees of freedom allowed
to the model by additional parameters allowing a lower χ2. The constraints we obtain on the
dark energy class of models are consistent with recent cosmological fits found elsewhere in
the literature [5]. As expected, due to the ΛCDM CMB distance priors background, the flat
(Ωk = 0) DGP model and curved DGP model have the worst fits to all the data sets, where
the improved fit of the curved DGP comes from the extra parameter space, i.e. Ωk. From
these results we choose the ΛCDM, curved DGP+k and flat DGP models as the statistically
most preferred and least preferred models from each class to dynamically simulate in the next
section with CosmoEJS . We also provide the breakdown of the χ2 for each data set in Table
2 for the models we study in Sec. 5.
We provide some of the 2D contour plots for parameters of interest in Figures 1, 2, 3,
and we use these range of values to illustrate the dynamical analysis of the models in Sec. 5.
We see evidence in Figure 1, that a more general GRDE model, such as the ‘CPL+k’ model
relaxes the constraint on H0 because of the added freedom with the parameters, {w, wa, Ωk},
as seen in [66]. In Figures 2, 3 (left), we have the 68% and 95% confidence contours show a
combination of ranges for {Ωk, H0}, {w, H0}, {w, wa}, respectively. As expected, the DGP
models have a more serious tension with the data sets and even each other, as seen in Figure
3 (right), because of the constructed CMB distance priors from the ΛCDM background.
5 Exploring the dynamics of cosmological models using CosmoEJS
Considering the fits from Table 3, it is clear to see the observationally favored models from
the χ2 values and their respective free parameter means and standard deviations. However,
how these fits were achieved, requires some explanation. Not how does MCMC work, but
which data points had tension with the cosmological model causing increased χ2 values? Does
the model fit equally well to low and high redshift data points, and how does the precision of
each affect the fitting of the models. The dynamical plots of CosmoEJS help to answer these
questions.
After achieving the fits for the free parameters of a particular model in Sec. 4, we use
CosmoEJS to reproduce the dynamics of the models for those parameter values. As we de-
scribe, this new version of CosmoEJS simulates the theoretical dynamics of two different classes
of cosmological models, GRDE and DGP, simultaneously while comparing them to the latest
observational data sets. CosmoEJS is a package of Java simulations and modeling programs
for cosmology built from Easy Java Simulations (EJS). EJS is a Java-based software pack-
age that combines the high performance coding language of Java with easy-to-use graphical
user interfaces (GUIs) and real-time plotting for building interactive modeling simulations
[67]. The CosmoEJS package contains different modules depending on which observations and
models are under study. For a complete description of the usage of CosmoEJS we refer the
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reader to the supplemental documents of the package and [21]. Briefly, a Java GUI opens
with a tabbed plot frame. Sliders allow the user to select parameter values for the model
and drop-down menus contain data sets to choose to compare with the model. Based on
the parameter values chosen, a specific model’s theoretical simulated data is simultaneously
compared to selected data sets of actual cosmological observations. The programs contain
fitting methods as described in Sec. 3 to numerically prefer one set of parameter values over
another set, however, as we have already found the preferred values in Sec. 4, we focus on
the visual inspection of the model’s dynamics from the plots generated by CosmoEJS .
In [21], the dynamics of the ΛCDM model were studied with CosmoEJS , where particular
attention was paid to visual differences in the plots showing the fits of the models to recent
data sets. To demonstrate the benefit of having CosmoEJS as a dynamical tool for a broader
collection of models, we highlight the dynamics of the flat DGP model and the more com-
petitive curved DGP+k model to compare them to the ΛCDM model. One of these models
(ΛCDM) was the statistically favored model (low χ2) from the two classes in Sec. 4 and the
flat DGP was clearly the least statistically favored model. CosmoEJS can accurately demon-
strate the dynamics of all the models shown in Table 3, but the flat DGP model provides a
clear example from which to emphasize the visual perspective of its dynamics and the curved
DGP+k model shows that more competitive models have less visual differences and require
statistical methods to find preferred fits to precise data.
We use the mean values from Table 3 to set initial values for each of the parameters in
the ΛCDM model of equation (2.2), the curved DGP+k and the flat DGP models of equation
(2.5). CosmoEJS simultaneously calculates the theoretical values for the observables described
in Sec. 3 for both models and then compares them graphically and numerically to the data
sets selected. A summary of the parameter values chosen for the models to compare to the
observations in the CosmoEJS graphing panels are provided in the CMB panels shown in
Figure 4, as well as, a comparison of the theoretical models to the CMB distance priors. 3
From the theoretical values in the CMB panel, i.e. {ωb, la, R} (ωb = Ωbh2), we can directly
see why the flat DGP model has a poorer fit to the data than the ΛCDM model.
We see similar comparisons with visual inspection of the dynamical plots on the SNeIa
and GRB, H(z), BAO, AP and Growth parameter panels in Figures 5 and 6. The simulta-
neous plotting of both models allows for real-time comparisons of different classes of models
to all the data sets for complimentary fits. We do not show the χ2 in the plotting panels
from CosmoEJS as it is the general minimum chisquare method built to accommodate various
data sets and are not accurate to the covariance matrix method used CosmoMC in Sec. 4. For
more similar models, only the covariance matrix method should be used. When the visual
differences are less prominent, it is more important to use the covariance matrix fitting meth-
ods. All further references to χ2 in this section refer to covariance matrix methods used in
CosmoMC and the analysis of Sec. 4.
Considering Figure 5 (top left), we see evidence of the cosmic acceleration. Nearby SNeIa
redshift values are larger than they should be for a constant expansion and higher redshift
SNeIa are not as far away, either. While each model uses a different physical mechanism (see
Sec. 2), both fit the cosmic acceleration evidenced by SNeIa and GRB, similarly, see Figure 5.
Now with graphical aid of CosmoEJS , the difference between the models appears to be more
3The χ2 calculation for other observables in CosmoEJS is merely a comparative minimum chisquare method
and does not use a covariance matrix, except in the case of the CMB distance priors which is built from results
of [5]. These χ2 values are not used to fit the model in CosmoEJS . As seen in [21], because this minimum
chisquare method weights all data equally, some models are preferred when they should not be.
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DE CMB Output
DGP CMB Output
DGP+k CMB Output
Figure 4: (color online) The CMB output panel summarizes all the initial parameter values
for the ΛCDM model (top), the flat DGP model (middle), and the curved DGP+k model
(bottom), (color online matches the model) used in the calculation for comparison to the
observational data on the other panels (see Figure 5), as well as, comparing the model to the
CMB last scattering surface data. Clearly, the ΛCDM model and the curved DGP+k model
have a lower χ2 and a better fit to the CMB data.
pronounced at higher redshift. Visually, at low redshift the models are very similar. Upon a
closer inspection of the SNeIa graphs in Figure 7, we do see a difference between the models,
but it is not visually clear which model is preferred. This further emphasizes the need for a
covariance matrix approach to properly prefer one model to another. A more rigorous method
of checking these low redshift SNeIa would involve refitting this subset of supernovae using
a covariance matrix for the same subset. Similarly, in the H(z) Hubble Parameter panel,
Figures 5 (top right) and 6 (top right), the different input values of the Hubble Constant,
H(z = 0) for the ΛCDM model, the curved DGP+k model and the flat DGP model are easily
seen. Again, graphically, we also observe differences in the shape of their curves leading to
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Figure 5: A graphical and numerical (Age) comparison of the best-fit ΛCDM and flat DGP
models in Table 3 to actual observational data of the supernovae type Ia and gamma ray bursts
(top left), the Hubble Parameter H(z) (top right), the baryon acoustic oscillations (middle
left), the Alcock-Paczynski test (middle right), growth factor parameter f(z)σ8 (bottom left)
and the expansion history (bottom right) from several surveys using CosmoEJS . The program
simultaneously calculates simulated data for each model for the initial values of the model’s
parameters and plots them for fitting of the data and visual inspection. See text for more
comparison details with these data sets.
the higher χ2 for the flat DGP model as it deviates from the more precise H(z) data points
at lower redshift, while all models have similar trajectories near less precise higher redshift
data points.
A large deviation in χ2 values between the flat DGP model and the ΛCDM model comes
from the BAO data in Figure 5 (middle left). Visually, both models have the same shape,
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Figure 6: A graphical and numerical (Age) comparison of the best-fit ΛCDM and DGP+k
models in Table 3 to actual observational data of the supernovae type Ia and gamma ray bursts
(top left), the Hubble Parameter H(z) (top right), the baryon acoustic oscillations (middle
left), the Alcock-Paczynski test (middle right), growth factor parameter f(z)σ8 (bottom left)
and the expansion history (bottom right) from several surveys using CosmoEJS . The program
simultaneously calculates simulated data for each model for the initial values of the model’s
parameters and plots them for fitting of the data and visual inspection. See text for more
comparison details with these data sets.
due to the BAO ratio fit, but the flat DGP model misses some of the uncertainty margins
of the data points. The curved DGP+k model is more visually competitive with ΛCDM
model when fit to BAO in Figure 6 (middle left), so again it is necessary to rely on the
statistical covariance matrix fit to find the preferred model. Figures 5 (middle right) and 6
(middle right) show a similar comparison between the models, as expected, since the AP tests
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Figure 7: A low redshift comparison of SNeIa to the best-fit ΛCDM model, flat DGP model
(left) and curve DGP+k model (right) in Table 3 using CosmoEJS . This closer inspection of
Figures 5 and 6 does show a difference between the models, but it is unclear from these plots
which is the preferred model. The supernovae data are more numerous and more precise at
low redshift, so the graphical comparison with CosmoEJS shows that this is an important area
to explore and fit statistically with CosmoMC using a covariance matrix method.
are used to calibrate the BAO data. In Figure 5 (bottom left) and 6 (bottom left), we see
yet another deviation comes from the growth parameter data. Upon further inspection, we
observe the ΛCDM model may fall outside the error margins of one or two data points, but
the DGP models have more difficulty with this data sets that assume a fiducial background
as evidenced by the statistical fits from section 4.
Finally, in Figures 5 (bottom right) and 6 (bottom right), not only does the inflection,
or transition from deceleration to acceleration of the universe’s expansion become evident at
different redshift for the different models, but we witness the age of the universe today, and
a future crossing or equating of the age of ΛCDM model with the curved DGP+k model.
Interestingly, other plots like the one in Figure 6 (bottom right), can show all the GRDE
models will having a crossing with a particular DGP model. In Figure 5 (bottom right), the
flat DGP model does not have this same crossing in the future but deviates dramatically from
the ΛCDM model. This final CosmoEJS panel of the expansion versus time allows one to see
the different redshift inflections and accelerations of the models in comparison to each other,
as well as how the model evolves to the age we observe today.
6 Conclusion
In this paper, we showed that the two programs CosmoMC and CosmoEJS can be used to
compliment each other in helping to understand the cosmic acceleration. As an example of the
comparable analysis possible with CosmoEJS , we constrained the parameters of cosmological
models derived from two popular classes of models, GRDE and DGP, using CosmoMC with
recent data sets. We found comparable results to others in the literature, [5], but here,
we stress that the values in Table 3 can be very useful when recycled into CosmoEJS for
simulating cosmological dynamics. Using CosmoEJS , we can better understand why the
models achieved the fits by visually comparing the models to data points. In particular,
we calculated theoretical dynamics for the ΛCDM, the curved DGP+k, and the flat DGP
cosmological models, emphasizing which data sets the flat DGP model had difficulty fitting,
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while simultaneously contrasting it with the more competitive DGP+k model and the ΛCDM
model fits. Some of these fits are visually similar in the graphing panels of CosmoEJS , which
show a need for the statistical covariance matrix fitting methods of Section 4 to discern the
preferred model. Not only did the simulations show the graphical and numerical fits (CMB),
but we were also able to show the expansion history and future of both models. Previously,
CosmoEJS has been shown to be useful for exploring extreme cases of a particular model.
Now, we have shown that we can find best-fit values for cosmological models using CosmoMC
and covariance matrix χ2 methods and then use CosmoEJS to simultaneously compare the
dark energy and modified gravity models to each other. A side-by-side comparison of the
models show, not only why those values can be more favorable in comparison to the data, but
also show the model’s dynamical expansion trajectories. We will expand the list of provided
cosmological models to include more classes of modified gravity models and other varieties of
dark energy models. Also, we will continue to update these simulations with more accurate
and precise observations, as they become available.
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